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Abstract 


Two  sets  of  restrictions  on  the  strain-energy  function 
for  a  compressible  isotropic  elastic  material  are  obtained 
which  are  necessary  conditions  for  stability  of  the  material. 
These  arise  from  the  following  considerations.  (i)  A  rec¬ 
tangular  block  is  subjected  to  a  finite  pure  homogeneous  defor- 
mation*and  an  infinitesimal  pure  homogeneous  deformation  with 
arbitrary  principal  directions  is  superposed.  The  dimensions 
in  two  of  these  principal  directions  are  held  constant.  Then 
the  incremental  modulus  associated  with  the  third  principal 
direction  must  be  positive  for  stability  to  obtain.  (ii)  In 
the  initial  pure  homogeneous  deformation  one  pair  of  faces  of 
the  block  is  force-free.  The  superposed  infinitesimal  pure 
homogeneous  deformation  has  one  of  its  principal  directions  nor¬ 
mal  to  these  faces,  which  remain  force -free,  and  the  principal 
extension  ratio  corresponding  to  another  is  unity.  The  incre¬ 
mental  modulus  corresponding  to  the  third  principal  direction 
must  be  positive  for  stability  to  obtain.*— — 
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1 .  Introduction 

It  has  been  argued  elsewhere  [1]  that  although  convexity 
of  the  strain-energy  function  with  respect  to  arbitrary  per¬ 
turbations  from  an  equilibrium  state  of  finite  deformation  is 
not  a  necessary  condition  for  stability  of  an  elastic  material, 
convexity  with  respect  to  certain  restricted  classes  of  per¬ 
turbations  is  necessary. 

In  earlier  papers  the  restrictions  imposed  on  the  strain- 
energy  function  for  an  isotropic  elastic  material  by  certain 
considerations  of  this  type  have  been  obtained.  Baker  and 
Ericksen  [2]  and  Ericksen  [3]  obtained  the  restrictions  on  the 
strain-energy  function  which  -  although  it  was  not  presented  in 
this  way  -  express  the  condition  that  the  incremental  shear 
modulus  in  an  isotropic  elastic  material,  compressible  or  in¬ 
compressible,  be  positive  for  simple  shears  superposed  on  a  pure 
homogeneous  deformation,  when  the  direction  of  shear  is  a  prin¬ 
cipal  direction  and  the  plane  of  shear  is  a  principal  plane. 
Sawyers  and  Rivlin  [4,5]  obtained  corresponding  conditions  in 
the  case  when  the  material  is  incompressible  and  the  plane  of 
shear  is  a  principal  plane,  but  the  direction  of  shear  is  arbi¬ 
trary  in  that  plane.  In  [4],  as  in  [3],  the  result  was 
obtained  in  the  form  of  the  equivalent  conditions  that  the 
secular  equation  for  the  determination  of  the  velocities  of 
plane  waves  of  infinitesimal  amplitude  propagated  in  a  principal 
plane  of  the  underlying  pure  homogeneous  deformation  yield  only 
real  solutions  for  all  directions  of  propagation  in  that  plane. 
In  [6]  the  restriction  in  [4]  of  the  direction  of  propagation 


to  a  principal  plane  is  removed  and  in  [7]  the  restriction  of 
the  plane  of  shear  of  the  superposed  infinitesimal  shear  to  a 
principal  plane  is  removed.  However,  the  results  obtained  in 
[6]  and  [7]  are  in  a  less  explicit  form  than  those  in  [4]  and 
[5]. 

In  [8]  conditions  that  the  secular  equation  for  the  deter¬ 
mination  of  the  velocities  of  plane  waves  of  infinitesimal 
amplitude,  propagated  in  a  principal  plane  of  the  underlying 
pure  homogeneous  deformation,  have  only  real  solutions  are 
obtained  in  the  case  when  the  isotropic  elastic  material  is 
compressible.  Unlike  the  situation  when  the  material  is  in¬ 
compressible,  these  conditions  are  not  equivalent  to  those  that 
the  incremental  shear  modulus  be  positive,  since  the  waves  are 
not  necessarily  transverse  shear  waves. 

In  the  present  paper  two  further  sets  of  necessary  con¬ 
ditions  for  material  stability  are  obtained  for  the  case  when 
the  material  is  compressible.  One  of  these  arises  from  the 
following  consideration.  A  rectangular  block  of  the  isotropic 
elastic  material  is  subjected  to  a  finite  pure  homogeneous  de¬ 
formation  and  then  an  infinitesimal  pure  homogeneous  deformation 
with  two  of  its  principal  extension  ratios  equal  to  unity  is 
superposed  on  this.  The  principal  directions  for  this  super¬ 
posed  pure  homogeneous  deformation  are  arbitrarily  chosen. 

Then,  the  condition  that  the  incremental  modulus  associated 
with  the  third  principal  extension  be  positive  is  a  necessary 
condition  for  material  stability. 

Suppose  now  that  in  the  initial  finite  pure  homogeneous 
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deformation  one  pair  of  faces  of  the  rectangular  block  is  force 
free  and  in  the  superposed  infinitesimal  pure  homogeneous  defor 
mation  one  of  the  principal  directions  is  normal  to  these  faces 
which  remains  force-free  in  the  superposed  deformation.  We 
suppose  also  that  in  the  superposed  deformation  one  of  the  prin 
cipal  extension  ratios,  corresponding  to  a  principal  direction 
normal  to  the  force-free  faces,  is  unity.  Then,  the  condition 
that  the  incremental  modulus  associated  with  the  third  prin¬ 
cipal  extension  be  positive  is  a  necessary  condition  for  mater¬ 
ial  stability. 


5. 


2 .  Basic  equations 

We  consider  an  isotropic  elastic  material  to  undergo  a  defor¬ 
mation  in  which  a  particle  in  vector  position  C  with  respect  to 
some  fixed  origin  moves  to  vector  position  X  .  Let  and 

^=1,2,3)  be  the  components  of  £  and  X  respectively  in  a  rec¬ 
tangular  cartesian  coordinate  system  x  .  The  deformation  gradient 
g  is  defined  by 


*  "  I  8; 


3Xa/35b 


(2.1) 


and  the  Finger  strain  matrix  by 


9  =  SI 


(2.2) 


where  the  dagger  denotes  the  transpose. 

The  elastic  properties  of  the  material  are  characterized  by 
a  strain-energy  function  W  ,  measured  per  unit  initial  volume. 
This  is  expressible  as  a  function  of  C  through  three  basic 
strain  invariants  of  C  ,  denoted  1^,  1^  and  defined  by 


Ix  •  tr  C  ,  I2  -  (tr  C)2  -  tr  C2}  , 
I  -  det  C  -  |{I^-3I1tr  C2+  2tr  C3f  . 


(2.3) 


The  Cauchy  stress  matrix  a  is  given  by 


2  "  Tr  ,(VW5  -  "'2?2  *  r3w3S>  • 


(2.4) 


where  6  is  the  unit  matrix  and  W  ,  W  ,  W  are  defined  by 

1  2  3 


I  X 
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WA  *  3W/3IA  (A-1,2,3)  .  (2.5) 

We  denote  by  dg,  dC,  dIA>  do  the  changes  in  g,  C,  IA,  a 
associated  with  an  infinitesimal  superposed  deformation 
+  dX  .  Then,  from  (2.2)  and  (2.3)  it  follows  that 

d£  "  gd§+  +  Cdg)g+,  dlx  58  2tr  gdg+  , 

o  (2.6) 

dl2  =  1^^-  tr(CdC),  dl  -  I2dIi*  I^rfCdC)  +  tr(C2dC). 

From  (2.4)  we  obtain 

d2  *  ^5“  (CW1*I1W2)dC  -  W2d(c2)  ♦  W2CdI1-  |  Wjdd^} 

■  im  •  w2?2>di3 

I3 

-  W2a92  *  '3W3Ad>dIA  •  t2-?) 
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3 .  Infinitesimal  superposed  pure  homogeneous  deformation 

We  now  consider  that  the  deformation  £  -*■  X  is  a  pure  homo¬ 
geneous  deformation  with  principal  extension  ratios 
and  principal  directions  parallel  to  the  axes  of  a  rectangular 
cartesian  coordinate  system,  x  say.  If  nAB  are  the  components 
in  the  system  x  of  a  unit  vector  parallel  to  the  axis  xA  , 
then 


gAB 

(C2) 


_  v 


nAPnBPXP 


JAB 


=  I  n 
P 


APnBPXP 


t  ■'AB 


l  n 

p 


APnBPXP 


II  -  X2+X2+X2  *  T2  = 


X2X3+X3X1+X1X2 


(3.1) 


I.  = 


X2X2a2 
A1A2  3 


We  also  consider  that  the  superposed  infinitesimal  deforma¬ 
tion  X  -*■  X  +  dX  is  a  pure  homogeneous  deformation  with  principal  extension 
ratios  1  +  dX1  ,  1  +  dX2  ,  1  +  dX^  and  principal  directions 
parallel  to  the  axes  of  the  system  x  .  Then,  from  (2.6), 


dgAB  "  gABdXA  »  dCAB  CAB  ^dXA+dXB^  *  dIl  2  J  CAAdXA  ’ 

dl2  -  2  l  ^AA-^AA^A  ' 

dI3  -  2  l  CS3'1!?2*  I29AAdXA  -  2 1 3  {  dXA  > 

d^~2^AB  =  2^2^AB^dXA+dXB^  +  2  p  CAPCPBdXP  ' 


(3.2) 
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4.  Constrained  simple  extension 

We  now  envisage  that,  after  the  material  is  subjected  to  the 
pure  homogeneous  deformation  with  extension  ratios 
and  principal  directions  parallel  to  the  axes  of  the  system  x  , 
a  rectangular  block  with  its  edges  parallel  to  the  axes  of  the 
system  x  is  cut  from  it  and  held  in  its  deformed  state  by  appro¬ 
priate  forces  applied  to  its  faces.  It  is  then  subjected  to  an 
infinitesimal  pure  homogeneous  deformation,  with  principal  exten¬ 
sion  ratio  (l+dX1)  in  the  x1-direction,  while  its  dimensions 
parallel  to  the  x2  and  x^-directions  are  held  constant. 

In  this  infinitesimal  deformation,  only  the  normal  forces 
acting  on  the  faces  perpendicular  to  the  x1-direction  do  work. 

We  accordingly  calculate  the  incremental  modulus  u  ,  say,  for 
this  extension  parallel  to  the  x-^direction.  It  is  given  by 


With  (3.1)  and 


dXA  =  (dX1,0,0)  , 


(4.2) 


equations  (3.2)  yield 

dgn  -  g^A,,  dClx  =  2ClldXlf  dlx  =  2C11dX1, 

dl2  =  2{l1C11-(C2)11}dX1  , 

dl3  *  2I3dXlf  d(C2)xl  =  2 { (C2) X1  +  C21}dX1  . 
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Then,  (2.7)  and  (4.1)  yield 


V  *  Hj-  {^W  ♦  21JW} 
13 


(4.4) 


where  L1  is  the  linear  operator  defined  by 


L1  =  C11  3I1  +  -)11^  3 1  g  +  1 3  3 1 3 


(4.5) 


With  (3.1),  the  expression  (4.5)  may  be  written  as 


t»lA<2xl+»l3xl'>  all  +  [Ai(A2+X3^i 

+  A2(X23+A2)n22+A2(X2+A2)n23]  +  I3  ^4- 


(4.6) 


In  the  Appendix,  §7,  we  have  derived  the  conditions  that 
u  have  a  positive  minimum  value  for  real  values  of  n11»ni2,nl3' 
With  the  notation 


MA  ■  2(WU*2X1W12*X>22)  ’  A  -  "n’W'L  • 


3  ■  W,W12-  .  4I3(K13«12-K23W11) 


(4.7) 


♦  *  W1W22-  W2W12  *  4I3("l3W22-W23',l2:i  ' 


these  conditions  are 


M,  >  0  ,  A  >  0  , 


(4.8) 


?X2T  \  77u 

2XAIrI2*jXA 


-)  >  0  , 


10. 


and 


2A(-$  +0  *4-  +  4AI 

3I1  3I2 


3  31 


-)W 


+  2(-  $  *4-  +  ©  +  4AI 


31. 


”7 


3  7T/W  >  0 


(4.9) 


If  any  of  the  conditions  (4.8)  is  not  satisfied  then  y 
does  not  possess  a  minimum  stationary  value  for  any  real  value 
of  n,,  .  In  this  case  y  has  its  least  value  when  the  vector 
n1^  lies  in  a  principal  plane  of  the  underlying  pure  homogeneous 
deformation.  If,  on  the  other  hand,  the  conditons  (4.8)  are 
satisfied,  but  C4-9)  is  not,  the  minimum  value  of  y  is  negative, 
i.e.  the  necessary  condition  for  material  stability  is  violated. 
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5.  Constrained  simple  extension  in  a  principal  plane 

We  shall  now  consider  the  special  case  in  which  the 
and  x3  axes  coincide,  so  that  the  direction  of  the  infinitesi¬ 
mal  extension  lies  in  a  principal  plane  of  the  underlying  finite 
pure  homogeneous  deformation,  the  x^x2  plane.  We  then  have 
n13  =  0  ,  and  the  expression  (4.6)  for  L1  becomes 


I-,  =  (n 


•>2  2  >2> 
llXl+ni2X2) 


!77+  txiCxH)nii 


X2CX3+Xl)ni2] 


31, 


I. 


d 

31. 


(5.1) 


With  (5.1)  the  expression  (4.4)  for  y  may  be  written  as 


f  ■  *  cll> 

3  *  nLnl2iAl(K3*A2L3)  *  X2CK3*X1L3:>  *  2c12> 

+  n!2^X2^K3  +  XlL3^  +  C22^  ’  CS-2) 


where 


Ka  =  W ,+XfW, 


LA  =  W2+XAW3  ’ 


2  CAB 


X1XB  f"'llt(2Il-XA-XBJ1<12  *  CIi-xfHV*i)»’22! 

*  I3(tXA*XBJW31  *  tA|CI-L-x|>  *  X2(I1-1^]K32 


+  1 3W3  3  ^  ’ 


(5.3) 


We  can  easily  find  the  necessary  and  sufficient  conditions  that 
u  ,  given  by  (5.2),  be  positive  for  all  choices  of  n11,  n12  . 
By  taking  nn>ni2  =  anc*  °>1>  we  see  the  conditions 


12. 


F13  >  0  and  ?23  >  0  , 


(5.4) 


with  ^23’  ^23  defined  by 


F13  =  K3+X2L3+C11/X1  *  F23 


K3  +  X1L3+C22//X2  ’ 


(5.5) 


are  necessary.  If  these  conditions  are  satisfied,  we  can  re¬ 
write  (5.2)  as 


I  ^  =  KlXlF?3-ni2X2F23)2 


nHni2  ^X1F13+X2F23^  +  2C12"Cll"C22^ 


(5.6) 


Accordingly  the  necessary  and  sufficient  conditions  that  u 
be  positive  for  all  choices  of  n11»n12  are 


2  A  A  F*5 
1  2  13  23 


X1(K3+X2L3)  +  X2(K3+X1L3)  +  2C12  > 


(5.7) 


together  with  the  conditions  (5.4). 

Of  course,  if  y  is  to  be  positive  for  all  choices  of 
n1A  parallel  to  any  of  the  principal  planes  of  the  underlying 
pure  homogeneous  deformation,  the  corresponding  conditions  are 


fac  kc  +  xblc  +  7F1  >  0  »  fbc  kc  +  xalc  +  ,2  >  0  » 

XA  B 


2xaxbfacfbc  +  xa(-kc+xblc^)  +  xb^kc+xalc^ 


+  2cab  >  o 


(5.8) 


(ABC  =  123,231,312), 


where  ,  LA  and  c^g  are  defined  in  (5.3) 
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Extension  with  force-free  surfaces 

From  (3.2)  and  (2.7)  we  can  obtain  an  expression  for  the 
change  in  the  normal  component  of  the  Cauchy  stress,  in 

the  x^-direction,  associated  with  an  infinitesimal  pure  homo¬ 
geneous  deformation  with  principal  extension  ratios  1  +  dX_L  , 

1  +  dX2,  1  +  dX^  and  principal  directions  parallel  to  the  axes 
of  the  coordinate  system  x  : 


don  -  75  tt2C11wl.2li1c11-(c2)11iw2!dx1 

3 

*1  (■CllWl'fIlCir(£2’ll1VI3W3,dAA 

*  2<CH  l  CMdXA  -  l  ClACAldXA!"2 

*  2 {  l  (L1lAW)dAAH  ,  (6.1) 

A 

where  is  the  linear  operator  defined  by  (cf.(4.5)) 


I  =  r  0 
LA  UAA  91. 


+  I^Caa-^  ^aa! 


9  +  T  9 

3TJ  X3  91^ 


(6.2) 


Let  d?r^^  be  the  normal  component  of  the  Piola -Kirchhof f 
stress  in  the  x^direction ,  associated  with  the  infinitesimal 
pure  homogeneous  deformation,  and  based  on  the  configuration 
prior  to  this  deformation  as  the  reference  configuration.  Then, 


d^n  =  doxl  +  °11^dX2+dX3)  .  (6.3) 

Introducing  the  expressions  (2.4)  and  (6.1)  for  a  and 
we  obtain,  with  (6.2), 
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dlTll  =  ^  {L1WdX1+2I3W3CdX2+dX3) 

+  2 (C11  |  caa  '  l  ClACAl)W2dXA 

+  2  l  CL1LAW)dXA}  .  (6.4) 

A 

Corresponding  expressions  for  ^22  and  d7r33  can  be  written 
down  by  appropriate  permutation  of  the  subscripts. 

We  now  suppose  that  in  the  initial  finite  pure  homogeneous 
deformation,  the  normal  stress  in  the  x3~direction  is  zero.  We 
choose  the  x^-axis  of  the  coordinate  system  x  to  coincide  with 
the  x3-axis.  Furthermore,  it  is  assumed  that  in  the  superposed 
pure  homogeneous  deformation  the  faces  of  the  block  normal  to  the 
x^axis  remain  force-free,  while  the  x2-dimension  of  the  block  is 
held  constant.  We  shall  call  this  superposed  deformation  par¬ 
tially  constrained  simple  extension.  Then,  the  only  forces  which 
do  work  in  the  superposed  pure  homogeneous  deformation  are  those 
applied  normally  to  the  faces  of  the  block  which  are  normal  to  the 
x-^-direction.  We  shall  calculate  the  incremental  modulus  y  in 
this  case,  y  is  defined  by 

y  =  d7T11/dX1  .  (6.5) 

The  condition  that  the  faces  of  the  block  normal  to  the 
x3-direction  are  force-free  yields 

ct33  =  0  and  {^7T33  =  0  •  (6.6) 


We  now  introduce  the  condition  that  the  dimension  of  the 
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block  parallel  to  the  x2-axis  is  maintained  constant  in  the 
infinitesimal  superposed  deformation,  i.e.  dX2  *  0  .  Then, 
bearing  in  mind  that  C13  »  0  ,  (6.4)  yields 

d”n  =  75  U0.1»2^)W]<U1 

+  2[C11x2w2+I3W3+L1L3W]dX3}.  (6.7) 

From  the  expression  for  dir33  corresponding  to  (6.7),  we  obtain 
the  condition  (6.6)2  for  the  surfaces  normal  to  the  X3~axis  to 
be  force-free  as 

[(L3+2L^)W]dX3  +  2(C11X|w2*l3W3+L1L3W)dX1  =  0  .  (6.8) 

The  condition  (6.6)^  yields,  with  (2.4), 

L3W  =  W1C33  +  W2[C33(C11+C22)-(C23+C|3)]  +  I3W3  =  0  .  (6.9) 

From  (6.7)  and  (6.8)  we  obtain,  with  (6.9), 

U  *  2I-is(i.2w)-1{(L1  +  2L^)WL2w-2(C11x2w2+I3W3+L1L3W)2}  .  (6.10) 

We  note  from  (4.4)  and  (6.9)  that 

13W  >  0  (6.11) 

is  the  necessary  and  sufficient  condition  that  the  incremental 
modulus  for  constrained  simple  extension  in  the  x3-direction  be 
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positive,  if  the  faces  normal  to  the  x3-direction  are  force-free 
in  the  underlying  pure  homogeneous  deformation.  With  the  con¬ 
dition  (6.11)  it  follows  from  (6.10)  that  the  necessary  and 
sufficient  condition  for  u  to  be  positive  is 


o _ o 


U^LpWL-W  >  2(C11X|W2*I3W3+L1L3W)2  . 


(6.12) 


We  see,  as  in  §  §  4  and  5,  that  (cf. equations  (4.4)  and  (5.2)) 


-  ^jn^CX^.XlF^.Zc^-c^-c^n^n2 


12 


,2-  U 

A2F23nl2  » 


(6.13) 


where  F13,  F23  and  cAB  are  defined  in  (5.3)  and  (5.5). 
Also,  with  (3.1)2  an<*  n3A  =  (G>0>1)  equation  (6.2)  yields 


i,  - 


5T7  *  [^CAl-A|,„f1-x|Cx|-xf)nf2] 


+  I 


3  3T^  * 


u  = 


x2r  3  +  rx2+x2' 1  3  +  \ 2 , 2  3  , 
x3ljq  +  CW  jq  +  xix2  jq  ] 


(6.14) 


Thus , 


tlt3W  ’  TCci3nil*C23ni2)  ■ 


L2 W  =  i  c 
3  I  33 


(6.15) 


With  (6.13),  (6.14)  and  (6.15),  the  relation  (6.12)  can  be 


rewritten  as 


17. 


where 


a 

Y 

0 


X?F13C33  *  4(^3L2+k3)2  ’ 
X2F23C33  '  4^X2X3L1+TC23^ 

1  C33('XlF13't'X2F23+2C12‘Cll‘C22^ 

'  4fXlX3L2+K3)(X2X23Ll+2C23) 


(6.16) 


(6.17) 


By  means  of  an  argument  similar  to  that  used  in  55,  we  see  that 
the  necessary  and  sufficient  conditions  that  (6.16)  be  satisfied 
for  all  choices  of  n11«  n1Q  are 

a  >  Q  ,  y  >  0  ,  8  +  a^Y 5  >  0  .  (6.18) 


These  are  the  necessary  and  sufficient  conditions  that  the 
incremental  modulus  be  positive  for  partially  constrained  exten¬ 
sions  parallel  to  the  principal  plane  of  the  underlying 

pure  homogeneous  deformation.  The  corresponding  conditions  for 
partially  constrained  extensions  parallel  to  the  other  two  prin¬ 
cipal  planes  can  be  obtained  by  cyclic  permutation  of  the  sub¬ 
scripts  in  the  expressions  (6.17)  for  a,6,Y  . 


18. 


7 .  Appendix 

In  order  to  determine  the  values  of  n1A  for  which  u  , 
given  by  (4.4),  has  a  stationary  value,  it  is  convenient  to 
introduce  the  notation  NA  *  n^A  .  Then,  substituting  for  N3 
from 


N1  +  N2  +  N3  =  1 


(7.1) 


in  (4.6)  and  introducing  the  resulting  expression  for  L1  in 
(4.4),  we  obtain 


4-  (o,11N=»2c.12N1N2.a22N^2e1N1.262N2.Y)  , 

*3 


(7.2) 


where 


“ll  =  2M1W  '  a22  *  2M2W  »  ai2  =  2M!M2W  » 

28  -  (M1+4M1W)W  ,  262  *  (M2+4M2N)W  , 


Y  -  (N+2N  jW  , 


(7.3) 


and  M1,M2,N  are  linear  operators  defined  by 


M, 


2_  \  2\ r  3  ,  ^  2  3 


)  , 


N  -  X 


2  r  3 


2^2,  3  a  \  2,  2  3 


31717  *  *  xix;  517 


(7.4) 


u  has  a  stationary  value  when  N^,N  satisfy  the  equations 


aHNl  +  ai2N2  +  81  "  0  •  ai2Nl  *  a22N2  +  02  =  ° 


(7.5) 


19. 


These  equations  yield 


N, 


al262‘a22ei 


aHa22‘ai2 


N, 


Ct12Bl'°tlie2 

alla22'a12 


(7.6) 


These  values  of  N1>^2  y^elc*  real  values  of  n1A  provided  that 


Nx  >  0  „  N2  >  0  and  N  +  N2  <  1  .  (7.7) 

Since  the  values  of  N^Ng  for  which  p  has  a  stationary 
value  satisfy  equations  (7.5),  it  follows  from  (7.2)  that  this 
stationary  value  of  p  ,  if  it  exists, is  given  by 

U  -  \  (N161+N282+y)  •  (7.8) 

*3 

It  is  easily  seen,  by  considering  the  second  variation  of 
p  ,  that  the  values  of  given  by  (7.6)  yield  a  minimum 

stationary  value  for  p  if  and  only  if 

<*!!>  0  ,  Cl22>  °  »  and  aila22'0t12>  °  *  (7-9) 

With  (7.3)  and  (4.7),  we  note  that  the  conditions  (7.9)  are  in 

fact  (4.8).,  with  A*l,2,  and  (4.8),  .  In  turn,  these  conditions 
1  «. 

imply  that  >  0  .  To  see  this,  we  note  the  identity 

16A2A  +  (X2-X2)2M2}2  ♦  (X2-X2)Sl2 

-  2(X2-X2)2M3{(X2-A2)2M1+  (X2-X2)2M2}  , 


(7.10) 


20. 


where 


A  *  CX^-X^)  .  (7.11) 

Then,  since  A  >  0  ,  the  left-hand  member  of  (7.10)  is 
positive  and,  since  >  0  ,  M2  >  0  ,  we  conclude  that  >  0  . 

Using  the  expressions  (7.3)  for  the  oi's  and  B's  in 
(7.6),  we  can  obtain  expressions  for  N1,N2,  and  from  (7.1) 
we  obtain  .  Thus,  with  the  notation  (4.7)  and  (7.11),  we 

obtain 

4AANX  =  (X*-X*)  (0+X^-4x|x*A)  ,  (7.12) 


while  corresponding  expressions  for  N2  and  are  obtained 

by  cyclic  permutation  of  the  indices  on  the  A's  .  We  use  these 
expressions  for  N1,N2,N3  to  obtain 


4A(A^N1+x2n2+A^N3)  -  , 

4A [X^  Cxg  +  A|)N1  *  X2 (X 3+X^)N2  +  X^(xJ*x2)N3]  -  0  . 


(7.13) 


From  (7.13),  (4.4)  and  (4.6),  we  have 

U  ’  {4Al^  3^7  +  G  ^  +  4AI3  TT^]W 

♦  2  [  -  <t  yj —  ♦  0  -g-j —  ♦  4AI^  yj— ]  W}  .  (7.14) 


From  (7.12),  with  (7.11)  and  (4.8),,  if  follows  that  the  N's 
are  all  non-negative  if 


21. 


(0+ A  -  4A2A3A)  >  0 


(7.15) 


and  the  two  conditions  obtained  from  it  by  cyclic  permutation 
of  the  subscripts  on  the  A's  are  satisfied. 
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